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ABSTRACT: The non-homogeneous quintic equation with three unknowns represented by the diophantine equation

X2 +y2 —xy+x+y+1l=(k?+3)"z°

is analyzed for its patterns of non-zero distinct integral solutions and three different methods of integral solutions are
illustrated. Various interesting relations between the solutions and special numbers, namely, polygonal numbers,
Jacobsthal numbers, Jacobsthal-Lucas number,Pronic numbers, Stella octangular numbers, Octahedral numbers, Centered
Polygonal numbers, Centered Pentagonal Pyramidal numbers, Centered Hexagonal Pyramidal numbers, Generalized
Fibonacci and Lucas sequences, Fourth Dimensional Figurate numbers and Fifth Dimensional Figurate numbers are
exhibited.
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NOTATIONS
tm.n . Polygonal number of rank n with size m
Pry : Pronic number of rank n

So,, . Stella octangular number of rank n

jn . Jacobsthal lucas number of rank N
N : Jacobsthal number of rank n

GF, : Generalized Fibonacci sequence number of rank n
GLj . Generalized Lucas sequence number of rank N
Ctmn  : Centered Polygonal number of rank n with size m
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Cfzn5 :Centered Pentagonal Pyramidal number of rank n

Cfzne : Centered Hexogonal Pyramidal number of rank n

fans : Fourth Dimensional Figurate Traingular number of rank n
fana : Fourth Dimensional Figurate Square number of rank n
f4,n,6 : Fourth Dimensional Figurate Hexogonal number of rank n
f5.n.3 : Fifth Dimensional Figurate Traingular number of rank n
f5,n]7 . Fifth Dimensional Figurate Heptagonal number of rank n

I.INTRODUCTION

The theory of diophantine equations offers a rich variety of fascinating problems. In particular,quintic equations,
homogeneous and non-homogeneous have aroused the interest of numerous mathematicians since antiquity[1-3].For
illustration, one may refer [4-5] for quintic equation with three unknowns and [6-8] for quintic equation with five
unknowns. This communication concerns with an interesting non-homogeneous ternary quintic equation with three
unknowns represented by
X2 +y2 —xy+x+y+1=(k?+3)"z°

for determining its infinitely many non-zero integral points. Three different methods are illustrated. In method 1, the
solutions are obtained through the method of factorization. In method 2, the binomial expansion is introduced to obtain the
integral solutions. In method 3, the integral solutions are expressed in terms of Generalized Fibonacci and  Lucas
sequences along with a few properties in terms of the above integer sequences Also, a few interesting relations among the
solutions are presented.

ILMETHOD OF ANALYSIS

The Diophantine equation representing a non-homogeneous quintic equation with three unknowns is

X2 +y2 —xy+x+y+1l=(k%>+3)"2° )
Introducing the linear transformations

X=U+V,y=U-—V )
in (1), it leads to

U+D? +3v% = (k% +3)"2° @3)

The above equation (3) is solved through three different methods and thus, one
obtains three distinct sets of solutions to (1).

A. Method:1
Let z=a% +3b? 4)
Substituting (4) in (3) and using the method of factorization,define

(W+D)+iv3v)= (k +iV3)" (a+iv3b)3 )
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=r" exp(ind)(a +iv/3b)°
13
where r=+k? +3, 6H=tan 1% (6)

Equating real and imaginary parts in (5) we get
n

u=(k2+3)2 {cosne(a5 —30a%b? + 45ab*) — +/3sin O(5a*b — 30a°h> +9b5)}

n
1

v=(k?+ 3)2{cosn0(5a4b ~30a%b® +9b°) + ——sin#(a> —30a%h? + 45ab4)}

J3

Substituting the values of U and V in (2), the corresponding values of X, Y, Z are represented by

, n cosne(a5 —30a%p? + 45ab* +5a*b —30a%b° + 9b5) +

x(a,b,k) = (k% +3)24j -1
@bl)=) (k*+3) % (a® —30a3b2 + 45ab* —15a%b +90a2b3 — 27b°)
, n cosné?(a5 —30a%b? +45ab* —5a*b +30a°b° —9b5) -

a,b, k)= (k“ +3)2{ i -1
yabk)=|(k"+3) %(f —30a3b2 + 45ab* +15a%b —90a2b3 + 27b°)

z(a,b) =a® +3b?
A few numerical examples are given below:
Table: Numerical Examples:

n k a,b X y z
0 1 11 -1 31 4
1 2 11 63 95 4
2 2 1,1 255 159 4
3 2 2,1 1264 2768 7
B. Method 2:

Using the binomial expansion of (K + i\/§)n in (5) and equating real and imaginary parts, we have

v = f(ax)Ga*b—30a%b® +9b°) + g(e)(a> —30a°h? + 45ab*)

Where
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n
g
f@)= X (D nc, k" 3
r=0

n+1

[ 2 } 1 2r+1 1
g@)= Y (D' ng, k"TTHE)T

r=1

In view of (2) and (7) the corresponding integer solution to (1) is obtained as
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x=|(f (@) + g(c) Xa® —30a%0? + 45ab™) + (f (o)) ~ 30() K52 b —3082b% + 96%) | -1

y = [(f (@) - g(a))@> —30a%b? +45ab*) — (f (@) + 3g(a) 5a*b —30a2b> +9b5)J—1

7 =a? +3b2
C. Method 3:

Taking N=0 and u+1=U in (3), we have,
U?+3v?=7°
Substituting (4) in (8), we get
UZ+3v% =(a® +3p%)°
whose solution is given by
Ug = (a® —30a%0? + 45ab%)
Vo = (5a*b—30a2b> + 9b°)
Again taking N =1 in (3), we have
U2 +3v? = (k? +3)(a% +30?)°
whose solution is represented by

Ul = kUO —3V0
V1 =Ug + kVO
The general form of integral solutions to (1) is given by
A V3B
U DY U
Sl=] 2 2i 1705123,
vs) | B A (v
23 2
Where A, = (k+i/3)% + (k —i+/3)®

Bg = (k +i/3)% — (k —i~/3)°®
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Thus, in view of (2), the following of integers X, Y interms of Generalized Lucas and fiboanacci sequence satisfy (1)
are as follows:

%GLn (2k,—k? —3)(a° —30a°b? + 45ab* +5a*b —30a%b3 + 9b°) + .
Xg = _

GF, (2k,—k? —3)(a® —30a3p? + 45ab* —15a*b + 90ab® — 27b°)

%GLn (2k,~k? —3)(a° —30a°b? + 45ab* —5a*b + 30a2b® — 9b°) - .
Ys = -

GF, (2k,—k? —3)(a® —30a%b? + 45ab* +15a*b —90ab® + 27b°)

The above values of Xg, Y satisfy the following recurrence relations respectively
Xgs9 — 2KXs 41 + (k% +3)xg =0

Ys+2 = 2KYs1 + (k2 +3)ys =0
Properties

1. [xS (a,b,k) + ys (a,b, k) = GL,, (2k,~k 2 —3)ug — 6GF, (2k,—k —3)v0J— 2

2k(GLn (2k,—k2 —3))— (k2 —3)(GLn_1(2k,—k2 —3)) 0 } »
(12K)GF, (2k,—k? —3) —6(k? + 3)GF,,_; (2k,~k 2 —=3) g
(3k? —1)(GLn (2k,—k? —3))— (k3 + 6k)(GLn_1(2k,—k2 —3))].I0 —}_ ,
(18k? —1)GF, (2k,—k? —3) — (12k® + 36k)GF,,_; (2k,~k % —=3) /g

2.Xs4+1(a,0,k) + ys,1(a,0,k) = {

3Xs12(a,b, k) +ys,0(a,b,k) = {

83i/3B
4.ys(a,a,k)—xs(a,a,k) - TS(24 f5n7 —144 4 n3 +25Cf3 h g +2Ct3g 5 th4,a)= 16 As(t4,2)(Cf3 1)
i34/3B

A
= 75 (2415 07 —14414 1 3 +25Cf5 g +36Pr,+ 24ty )

62AS4 Ys (a,a, k)—XS (a,a, k)—%(24 f5’n,7 —144f4,n’3 +25Cf3,n,6 +2Ct36,a +t4,a) is a

quintic integer.

Copyright to IJIRSET WwWw.ijirset.com 924


http://www.ijirset.com/

— ISSN: 2319-8753

I'a' a International Journal of Innovative Research in Science, Engineering and Technology
[JIRSET Vol. 2, Issue 4, April 2013

7.Each of the following is a nasty number.
(a) Glz(az,az)J

Xs(a,a,k)+yg(a,a,k)+2+

i3./3B
(b)2As 2

(24 f5,n’7 —144f4,n,3 + 30Cf3,n,5 +80t3,a + 6t7’a + 5t4’a) -

%(24 f5’n,7 —-144 f4’n,3 + 25Cf3’n,5 +36 Pra)

8. Xg (a,l, k) +Ys (a,l, k) +2= AS (24 f5,n,7 -72 f4,|’l,4 — 20Cf3,n,6 + Ct104,a — 33t4’a) +
i\/3Bg (241 7 — 70505 +12Cty 4 —29Pra—32t, )

%(48 f4,n’7 +18Ct6,a -50 Pra— 78t4,a — 280f3,n,6) +

%(120 f4.n6 — 2405 1 3 +43Cty 5 +70CF3 1 g —128Pry+102t, 5)

10. z(2a,2a)J= joa +9Jd94 +2

9.xs (L k) - ys(aL k) =

I11. CONCLUSION
To conclude, one may search for other pattern of solutions and their corresponding properties.
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